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Group A
(All the notations have their usual meaning)

Answer any five questions from question no. 1− 7. [5 x 5 = 25 marks ]

1. Let f, g, h are three functions such that f : A → B, g : B → C and h : C → A. Show that if
g ◦ f and h ◦ g are bijective functions then f, g, h are also bijective. [5]

2. On the set G := (R \ {0})× R; define a law of composition (∗) by

(a, b) ∗ (c, d) := (ac, bc+ d).

Show that G is a non-abelian group. [5]

3. Let G be an abelian group and a, b ∈ G are distinct elements of order 2. Show that {e, a, b, ab}
forms a subgroup of G that is not cyclic (where e is the identity element of G). [5]



4. Let H = {β ∈ S5| β(1) = 1 ; β(3) = 3 and β(4) = 4}.
Prove that H is a subgroup of S5. How many elements are in H? Also find the number of
elements in H when S5 is replaced by S7. [3 + 1 + 1]

5. (a) Prove that no group can have exactly two elements of order 2. [3]

(b) If a and b are distinct group elements then show that either a2 ̸= b2 or a3 ̸= b3. [2]

6. (a) Suppose a and b belong to a group G such that a has odd order and aba−1 = b−1. Show
that b2 = e. [3]

(b) Show that an even order group must have an element of even order. [2]

7. Show that an infinite group must have an infinite number of subgroups. [5]

Group B

Answer any two questions from question no. 8− 10. [12.5 x 2 = 25 marks]

8. (a) If m is a non-square positive integer then show that there does not exist a rational number
r such that r2 =m. [4.5]

(b) Examine whether S = {x ∈ R : 4 cos3 x− 3 cos x ̸= 0} is an open set or not in R. [4]

(c) Find the derived set of S =
{

3
n
: n ∈ N

}
. [4]

9. (a) Show that the interval (0, 2) in R is not denumerable. [4.5]

(b) Show that the sequence

{√
3,

√
3 +

√
3,

√
3 +

√
3 +

√
3, . . .

}
converges to the positive

root of x2 − x− 3 = 0. [4]

(c) If f : A → B and g : B → C be two functions such that g ◦ f is surjective , then show
that g is surjective. [4]

10. (a) Test the convergence of the the sequence {un}n given by un = sin nπ
2
. [5]

(b) Let {un}n be a monotone decreasing sequence in R having a convergent subsequence
with subsequential limit u. Then prove that {un}n converges to u. [5]

(c) Find lim
x→0

1− coshx

x2
. [2.5]
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